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ABSTRACT
By utilizing the scaling symmetry of the reduced action for planar black holes, we obtain the
corresponding conserved charge. We use the conserved charge to find the generalized Smarr
relation of static hairy planar black holes in various dimensions. Our results not only reproduce
the relation in the various known cases but also give the new relation in the Lifshitz planar black
holes with the scalar hair.
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1 Introduction
Black holes have been fascinating objects which still await their full understanding. In the
asymptotically flat case, one of interesting aspects of black holes is the statement that there
cannot be extra matter profiles outside the black hole horizon except the one responsible for
electromagnetic charges, which is dubbed as no-hair theorem. This property of black holes is
widely recognized as the cornerstone of the information problem in black hole physics. Since the
explicit formulation of no-hair theorem is usually made only in four dimensional asymptotically
flat space [1, 2, 3, 4] (however, see [5, 6, 7] for the possibility of black holes with non-stationary
scalar hairs), it is an interesting question to understand what happens in the space of other
asymptotic structure or in the space of other than four dimensions.
In the case of the asymptotically AdS spacetime a scalar field can have a negative mass
square while maintaining the unitarity of the scalar field. This indicates that a scalar field in
the asymptotically AdS spacetime may behave differently from the one in the asymptotically
flat spacetime. Indeed, there are numerous analytic examples which have a scalar hair in the
asymptotically AdS spacetime [8, 9, 10, 11, 12, 13]. Furthermore, the complex scalar field outside
the black hole horizon is one of the essential ingredients for the construction of the holographic
superconductor model [14, 15]. This gives us an impression that the theorem may be regarded
as a specific property of the asymptotically flat spacetime and is nullified in the asymptotically
AdS spacetime. Nevertheless, there have been some attempts to extend no hair theorem to the
asymptotically AdS spacetime by imposing some conditions on the scalar field potential [16].
The existence of various analytic black hole solutions with a scalar hair shows us that those
solutions evade some conditions of no-hair theorem.
At the present stage of the investigation on scalar hairy black holes, it seems very useful to
explore the properties of scalar hairy black holes in a generic setup resorting to neither specific
solutions nor the form of the scalar potential. In this regard, there was an interesting observation
on the scaling symmetry in the reduced action formalism [17]. Concretely speaking, in three-
dimensional Einstein gravity with a minimally-coupled scalar field, it has been observed that
the reduced action of spherically symmetric black holes has the novel scaling symmetry and
shown that its conserved charge leads to a Smarr relation even for scalar hairy black holes. This
symmetry and the derivation of the Smarr relation do not use any specific property of the scalar
potential. Therefore, it would be interesting to extend this approach to more generic cases. We
will show that the scaling symmetry of the reduced action is not restricted to the asymptotically
AdS spacetime nor to Einstein gravity.
In recent years, another asymptotic geometry called as the Lifshitz space arouses some inter-
ests in the view point of the AdS/CMT correspondence. Contrary to the AdS space, the Lifshitz
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space has the anisotropic scaling of time and space as
t −→ λzt , x −→ λx ,
where z is called the dynamical exponent. We would like to study the scalar hairy Lifshitz black
holes in the reduced action formalism irrespective of the existence of the analytic solutions.
This space has been studied as the gravity dual to the non-relativistic Lifshitz scaling physical
system [18, 19]. Analytic Lifshitz black hole solutions in three dimensions have been found and
the Smarr relation of these black holes is shown to hold in the form of [20]
M =
1
1 + z
THSBH ,
which is also related to the anisotropic Cardy formula [21]. On the other hand, analytic solutions
for scalar hairy black holes in three dimensions have also been found in [22] and shown to satisfy
the same Smarr relation with the above form. Though hairy black holes in this case seem to
belong to different sector from the non-hairy black hole solutions, which have different ground
states [23], it has been shown that they satisfy the same form of the first law of black holes and
the Smarr relation.
In this paper, we would like to explore some generic features of scalar hairy Lifshitz black holes
in three dimensions and the Lifshitz planar black holes in higher than three dimensions. We show
the existence of the scaling symmetry in the reduced action of new massive gravity(NMG) [24]
and a specific Einstein-Maxwell-dilaton(EMD) gravity, with additional scalar fields. By using
the radially conserved charge associated with the scaling symmetry, the Smarr relation of hairy
black holes is derived generally. To identify the Smarr relation correctly, the mass of scalar
hairy Lifshitz black holes needs to be obtained consistently. We use the quasi-local Abbott-
Deser-Tekin(ADT) formalism to identify the mass of scalar hairy Lifshitz black holes, some of
which were studied in [25, 26, 22]. We study explicit examples of various hairy and non-hairy
black holes and confirm that our results hold in all those cases. It is straightforward to perform
the perturbative analysis on scalar hairy Lifshitz black holes to check our results.1
2 Scalar hairy planar black holes : Set-up
In this section, we provide our set-up and conventions with brief reviews on some basic features
of our scalar hairy planar black holes. We would like to focus on the solutions in which all the
fields depend only on the radial coordinate, r. In general, we can take the metric ansatz of
D-dimensional static planar black holes with a scalar hair as
ds2 = −e2A(r)f(r)dt2 + dr
2
f(r)
+ r2dΣ2D−2 , ϕ = ϕ(r) , (1)
1While preparing our manuscript, we received [27], which studies asymptotic AdS case and overlaps partially
with our results.
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where ΣD−2 denotes D − 2 dimensional flat space. The gauge fields may be included and will
be considered in the later section. For instance, the asymptotic form of the hairy Lifshitz black
holes is given by
f(r) = r2 +O(r) , eA(r) = rz−1
[
1 +O
(1
r
)]
, (2)
and the asymptotic form of a scalar field with mass mϕ can be taken as
ϕ(r) =
ϕ+
rα+
+
ϕ−
rα−
+ · · · , (3)
where
α± =
D + z − 2
2
∓ 1
2
√
(D + z − 2)2 + 4m2ϕ .
The asymptotic form includes the case of hairy AdS black holes when z = 1. How to choose ϕ±
corresponds to boundary conditions of scalar fields and the choice affects the role of scalar hairs
in the black hole thermodynamics and consequently their dual interpretation [11, 28].
Since we are considering non-rotating scalar hairy planar black holes, the near horizon ge-
ometry would be the product of 2-dimensional Rindler space and (D− 2)-dimensional flat space
ΣD−2. Even though the horizon radius rH is the unique parameter parametrizing the horizon,
the Bekenstein-Hawking-Wald entropy of planar black holes, SBHW , could be a function of the
horizon radius rH and also of the values of matter fields at the horizon.
Regardless of the asymptotic geometry, one can take the near horizon geometry of scalar
hairy black holes as determined solely by the horizon radius as follows. By assuming that a
scalar field does not form extremal black holes, the near horizon geometry of scalar hairy black
holes may read as
ds2NH = −e2A(rH )f ′(rH)(r − rH)dt2 +
dr2
f ′(rH)(r − rH) + r
2
HdΣ
2
D−2 , (4)
and the scalar field on the above geometry takes a horizon value ϕ = ϕ(rH). Using the change
of variable ρ2 = 4(r− rH)/f ′(rH), the near horizon geometry can be identified with the Rindler
space as
ds2NH = −
1
4
e2A(rH )f ′2(rH)ρ
2dt2 + dρ2 + r2HdΣ
2
D−2 , (5)
from which one can read the Hawking temperature as
TH =
1
4pi
eA(rH )f ′(rH) .
Recall that the Bekenstein-Hawking-Wald entropy of black holes would be given by the null
Killing vector ξH on the horizon H as [29, 30]
κ
2pi
SBHW = 1
16piG
∫
H
dxµν ∆K
µν(ξH) , (6)
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where Kµν denotes the Noether potential for a diffeomorphism and κ does the surface gravity
which is related to the Hawking temperature, TH = κ/2pi.
One of the interesting questions about scalar hairy black holes is whether the scalar hair has
its own chemical potential in the first law of black hole thermodynamics. In other words, one
may wonder the simplest form of the first law of black hole thermodynamics given in the form
of
dM = TH dSBHW , (7)
is valid even with scalar hairs. In addition, one can ask what happens in the form of the Smarr
relation in the presence of scalar hairs. It has been known that, depending on the boundary
conditions for the scalar field, the associated chemical potential exists in the first law of black
hole thermodynamics [31, 32]. However, all the examples studied in this paper satisfy the above
simplest form of the first law of black hole thermodynamics and the Smarr relation without a
scalar chemical potential, which can be related to the existence of a certain scaling symmetry.
Now, we would like to introduce briefly the quasi-local ADT formalism of conserved charges [33,
34, 35, 36, 37]. By uplifting the on-shell background to the off-shell one in the conventional ADT
formalism [38, 39, 40], one can match the ADT potential QµνADT to the Noether potential K
µν
as
2
√−g QµνADT (ξ , δΨ ;Ψ ) = δKµν(ξ ; Ψ)−Kµν(δξ ; Ψ )− 2ξ[µΘν](δΨ ; Ψ ) , (8)
where ξ denotes the Killing vector for a conserved charge and Ψ does the relevant fields in the
Lagrangian. The infinitesimal mass (density) of planar black holes in our interest is given by
δQADT (ξ) =
1
8piG
∫
r→∞
dD−2xµν
√−g QµνADT (ξ) . (9)
One of the consequences of this expression when δξµ = 0 is that conserved charges for a exact
Killing vector ξ from the quasi-local ADT formalism are completely consistent with those from
the covariant phase space. As is known in the covariant phase space formalism, the infinitesimal
expression of conserved charges can be integrated along the parameter path in the solution space
and becomes finite expression when the the infinitesimal one satisfies a certain integrability
condition. In the following section, we will assume the existence of a certain on-shell scaling
property in solutions. This corresponds to a kind of an integrability in the parameter space,
which leads to a finite mass expression of static hairy planar black holes in terms of metric
functions A, f and the scalar field ϕ.
3 Scalar hairy Lifshitz black holes in NMG
In this section we consider a specific higher curvature gravity in three dimensions called as
NMG, which is ghost-free and leads to a parity even massive graviton. Furthermore, it is known
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to be consistent with a holographic c-theorem [41] and to allow various kinds of black holes
in the analytic forms. These analytic black hole solutions known in NMG include BTZ black
holes [42], warped AdS black holes [43] and new type black holes [44]. Another interesting
class of analytic black hole solutions in NMG includes Lifshitz black holes which may give some
interesting applications in condensed matter physics. We show that the scalar hairy Lifshitz
black holes satisfy the same form of the first law of black hole thermodynamics and the Smarr
relation of the dynamical exponent z.
3.1 NMG coupled with a scalar field
The action of NMG with an additional massive scalar field is given by
I[g, ϕ] =
1
16piG
∫
d3x
√−g
[
η
(
LEH + 1
m2
LK
)
+ Lϕ
]
, (10)
where η denotes signature, η = ±1, and the metric and matter Lagrangians are taken as
LEH = R− 2Λ , LK = RµνRµν − 3
8
R2 , (11)
Lϕ = −1
2
∂µϕ∂
µϕ− α
2
Rϕ2 − V (ϕ) . (12)
We have introduced η in order to take care of all the possible sign choices of the above three-
dimensional actions and have abused the notation such as the parameter m2 may take negative
values.
The equations of motion(EOM) for the metric are given by
η
(
Gµν + Λgµν +
1
2m2
Σµν
)
= Tϕµν , (13)
where
Gµν = Rµν − 1
2
Rgµν , (14)
Σµν = 2✷Rµν − 1
2
(
∇µ∇ν + gµν✷− 9
2
Rµν
)
R− 8Rµ ρRνρ + gµν
(
3RρσR
ρσ − 13
8
R2
)
, (15)
Tϕµν =
1
2
∂µϕ∂νϕ− 1
2
gµν Lϕ + α
2
(
Rµν −∇µ∇ν + gµν✷
)
ϕ2 , (16)
and EOM for the scalar field ϕ is given by
✷ϕ− αRϕ = ∂V (ϕ)
∂ϕ
. (17)
These EOM allow the AdS space as a solution and the radius, L, of the AdS space is deter-
mined by the Lagrangian parameters through the relation
−ΛL2 = 1− 1
4m2L2
.
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In the following, we have set the radius L, of the AdS space as unity. Then, the parameter m2
in the Lagrangian is related to the cosmological constant by EOM as 1/m2 = 4(1 + Λ).
The action of the NMG admits the Lifshitz space, of which metric can be written as
ds2 = −
( r
Lz
)2z
dt2 + L2z
dr2
r2
+ r2dθ2 . (18)
It turns out that the radius Lz is related to the Lagrangian parameters as
−L2zΛ = 1 +
(z2 + z − 1)(z2 − 3z + 1)
4m2L2z
, m2L2z =
1
2
(z2 − 3z + 1) .
By taking the Lifshitz radius Lz as a unity, one obtains the relations among Lagrangian param-
eters as Λ = −12(z2 + z + 1) and m2 = 12(z2 − 3z + 1).
3.2 Reduced action of NMG
For the given ansatz, one can rewrite the original Lagrangian of NMG in terms of fields A, f
and ϕ, which would become the, so-called, reduced action of NMG. The reduced action of NMG
coupled with a scalar field can be written as
Ired[A, f, ϕ] =
1
16piG
∫
d3x LϕNMG , LϕNMG ≡ η
(
LEH +
1
m2
LK
)
+ Lϕ , (19)
where LEH , LK , and Lϕ are given, respectively, by
LEH = −eA
[
2rΛ+ 2(A′ + rA′2 + rA′′)f + (2 + 3rA′)f ′ + rf ′′
]
, ′ ≡ d
dr
,
LK =
eA
8r
[(
2(−A′ + rA′2 + rA′′)f + 3rA′f ′ + rf ′′
)2
− 4rf ′
(
2(A′2 +A′′)f + 3A′f ′ + f ′′
)]
,
Lϕ = −e
A
2
[
rfϕ′2 + 2rV (ϕ)− αϕ2
(
2(A′ + rA′2 + rA′′)f + (2 + 3rA′)f ′ + rf ′′
)]
.
This reduced action contains four derivative terms and the analysis becomes complicated in this
form. To simplify the analysis, one can introduce auxiliary fields taking the role of reducing the
derivative orders. Note that the above reduced action can be put in the following form
LϕNMG = −eA
[
η
(
2rΛ + f ′ − 2fλ′ − f ′λ
)
+
1
2
rfϕ′2 + rV (ϕ)− α
2
e−A(Z ′ + eAf ′)ϕ2
]
+
ηe−A
8m2r
[
8eAλZ + (Z ′ − eAf ′)2 − 4
r
ZZ ′ +
4
r2
Z2
]
− η
(
Z +
2
m2
eAfλ
)′
, (20)
where λ is introduced as a Lagrange multiplier for our convenience and then we have used
− λ(2eAf)′ = −(2eAfλ)′ + 2eAfλ′ . (21)
It is straightforward to obtain EOM by taking variations with respect to A, f, Z and λ. Note
that the last term of the above reduced action is a total derivative and so it would be dropped
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in the following. One can see that eA is another Lagrange multiplier. As a result, the dynamical
EOM come from the variations with respect to f and Z. Concretely, EOM by the variation of
λ,Z and eA are given, respectively, by
Z = (2reAf)′ − 2eAf − reAf ′ = reAf ′ + 2r(eA)′f, (22)
λ =
ηα
2
r(ϕ2)′ +
r
4m2
[
e−A
r
(Z ′ − eAf ′)
]′
− Z
2m2r
(e−A)′ , (23)
0 = −r
2
fϕ′2 − rV (ϕ) + α
2
f ′ϕ2
+ η
[
− f ′ − 2rΛ+ 2fλ′ + f ′λ− e
−2A
8m2r
(
Z ′ − 2
r
Z
)2
+
f ′2
8m2r
]
. (24)
The dynamical EOM from the variations of f and ϕ are given, respectively, by
0 = −r
2
eAϕ′2 − α
2
(eAϕ2)′ + η
[
(eA)′ +
1
4m2
{1
r
(Z ′ − eAf ′)
}′
+ eAλ′ − (eA)′λ
]
, (25)
0 = (reAfϕ′)′ + eA(αf ′ϕ− r∂ϕV ) . (26)
One can check that these EOM are consistent with EOM from the original Lagrangian given in
the appendix. Note also that the above EOM reproduce those of Einstein gravity whenm2 →∞.
This reduced action is invariant under the rescaling of r, which can be realized, infinitesimally,
in terms of field variations as
δσf = σ(2f − rf ′) , δσeA = σ(−2− rA′)eA , δσϕ = −σrϕ′ . (27)
Generically, any field Ψ of the scaling weight w in the reduced action transforms as
δσΨ = σ(wΨ − rΨ′) . (28)
It is straightforward to check that the reduced action transforms under the above scaling sym-
metry as
δσIred =
1
16piG
∫
d3xS′ , (29)
where the total derivative term S is given by
S = −r
[
η
(
LEH +
1
m2
LK
)
+ Lϕ
]
. (30)
Under a generic variation, the reduced action transforms as
δIred =
1
16piG
∫
d3x
[
Ef δf + EZδZ + EAδA+ Eλδλ+ Eϕδϕ +Θ′(δΨ)
]
, (31)
where EΨ denotes the Euler-Lagrange expression of the field Ψ and Θ denotes the surface term
under a generic variation. Since derivative terms of A are absent in the reduced action, the total
surface term Θ is composed of those from δf, δZ, δλ, and δϕ as follows:
Θ(δΨ) = Θ(δf) + Θ(δZ) + Θ(δλ) + Θ(δϕ) , (32)
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where each surface term is given by
Θ(δf) = eA
[
η
{
− 1 + λ− 1
4m2r
(Z ′ − eAf ′)
}
+
α
2
eAϕ2
]
δf ,
Θ(δZ) =
[
α
2
ϕ2 +
ηe−A
4m2r
(
Z ′ − eAf ′ − 2
r
Z
)]
δZ ,
Θ(δλ) = 2ηeAfδλ ,
Θ(δϕ) = −reAfϕ′δϕ .
The Noether charge for the scaling symmetry2, which remains constant along r, is given by
C(r) =
1
8G
[
Θ(δσΨ)− S
]
≡ C . (33)
As a result, the conserved charge for the scaling symmetry in NMG is given by
8GC(r) = eA
[
− η(2f + 2r2Λ)− r2V (ϕ) + 1
2
r2fϕ′2 + αfϕ2
]
+ ηλ(Z + 2eAf)
− ηe
−A
8m2
[
(Z ′ − eAf ′)2 − 4
r2
Z2
]
− ηf
2m2r
(Z ′ − eAf ′) . (34)
We use EOM from the eA-field variation in Eq. (24) to express the charge C in the form, which
is independent of the scalar potential V (ϕ), just like the Einstein gravity case [17], as follows
8GηC(r) = eA
[
− 1 + λ− e
−A
4m2r
(Z ′ − eAf ′) + ηα
2
ϕ2
]
(2f − rf ′) + λZ
+ eA
[
− 2rfλ′ + η r2fϕ′2
]
+
e−A
2m2r2
Z(2Z − rZ ′) . (35)
Let us clarify the meaning of the conserved charge C by comparing it with the well-known
physical quantities of black holes. The only conserved physical quantity which is defined at the
event horizon of the static black hole is the Bekenstein-Hawking-Wald entropy [29]. By using the
covariant phase space method or, equivalently, the quasi-local ADT formalism, one can obtain
the black hole entropy as
κ
2pi
SBHW = 1
8piG
∫
ds
∫
H
dxµν
√−gQµνADT (ξH ; Ψ | s) =
1
16piG
∫
H
dxµν∆K
µν(ξH ; Ψ) , (36)
where the relevant Noether potential, for the null Killing vector ξH , is given by
Krt(ξH ; Ψ) =
[
η
(
Z + 2eAfλ− e
−A
4m2r
Z(Z ′ − eAf ′) + e
−A
2m2r2
Z2
)
− α
2
Zϕ2
]
r=rH
. (37)
By using the fact that f(rH) = 0 at the horizon r = rH , the conserved charge C in Eq. (35)
can be expressed as
C =
η
8G
eA(rH )f ′(rH)
[
rH
(
1− ηα
2
ϕ2
)
+
1
4m2
(
2f ′(rH)− 3rHA′(rH)f ′(rH)− rHf ′′(rH)
)]
. (38)
2Here, we take σ = 1 for the parameter independent charge expression.
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It is straightforward to check that
C =
κ
2pi
SBHW , (39)
where κ is the usual surface gravity and so the Hawking temperature is given by
TH =
κ
2pi
=
1
4pi
eA(rH )f ′(rH) .
Now, let us turn to the conserved physical quantity at the asymptotic infinity. In our case
at hand, it is nothing but the total mass. In order to determine the total mass, we apply the
quasi-local ADT formalism, which was explained shortly in section 2, to NMG in our ansatz.
The ADT potential for the Killing vector ξT =
∂
∂t in terms of metric fields A, f and the scalar
field ϕ is given in the appendix (A.4). This ADT potential can be rewritten, in terms of the
auxiliary fields, as
2
√−gQrtADT (ξT ; δg) =η
[
eA
{
− 1 + λ− e
−A
4m2r
(Z ′ − eAf ′) + ηα
2
eAϕ2
}
δf + 2feA δλ
− e
−A
4m2r
Z δZ ′ +
Z
4m2r
δf ′ +
e−A
2m2r2
ZδZ − e
−A
4m2r2
Z(2Z − rZ ′)δA
]
,
2
√−gQrtADT (ξT ; δϕ) =− (reAf ϕ′ + αZϕ)δϕ . (40)
One may note that the derivatives of δA are hidden in the variations of auxiliary fields λ, Z and
Z ′. The infinitesimal quasi-local ADT mass expression of black holes is given by
δMADT =
1
8piG
∫
r→∞
dxµν
√−g
(
QµνADT (ξT ; δg) +Q
µν
ADT (ξT ; δϕ)
)
. (41)
In order to get the finite mass expression, we need to integrate this infinitesimal expression
δMADT along the one-parameter path in the solution space. In the case at hand we choose
specific one-parameter path as follows. There exists an r-coordinate scaling transformation of
metric and scalar fields which preserves EOM. By supplementing an appropriate coordinate
transformation δDiff , this gives the same form of the metric and scalar fields while changing the
values of parameters in solutions [45]. This gives a natural one-parameter path in the solution
space. This ‘on-shell’ scaling of r-coordinate in black hole solutions can be realized as field
variations of f, eA, λ, Z and ϕ. Explicitly, let us introduce
δˆσf = 2f − rf ′ , δˆσλ = −rλ′ , δˆσϕ = −rϕ′ , (42)
δˆσe
A = γeA − r(eA)′ , δˆσZ = (γ + 2)Z − rZ ′ .
One may note that EOM remain the same under the above variations with an arbitrary γ,
while these become the symmetry transformations of the reduced action only when γ = −2.
If the value of γ is chosen as γ = z − 1, the forms of the metric and scalar fields remain the
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same while changing the values of parameters. Since the ADT mass expression in Eq. (41) is
invariant under the diffeomorphism, the variation of the mass M along the path corresponding
the scaling transformation with γ = z − 1 supplemented by the coordinate transformation, i.e.,
δ = δˆσ + δDiff , is given by
δMADT = δˆσMADT = σ(1 + z)MADT . (43)
A simple computation by using the expression of λ given in Eq. (23) reveals that the ADT
potential in Eq. (40) turns out to have the same expression as the Noether charge in Eq. (35) as
1
4G
[√−gQrtADT (ξT ; δˆσg) +√−gQrtADT (ξT ; δˆσϕ)] = σC . (44)
As a result, we have the relation:
σC = σC(r →∞) = δˆσMADT = σ(1 + z)MADT . (45)
By recalling that C(r) is invariant along the radial direction r and the Eq. (39), we arrive at
the generic result on the Smarr relation of hairy Lifshitz black holes as
(1 + z)M = THSBHW . (46)
This is one of our main results for hairy Lifshitz black holes in three dimensions.
3.3 Examples
In this section, we check our results for various examples explicitly. In three dimensional gravity
it is straightforward to obtain the conserved charge C. First, let us consider non-hairy black
holes in NMG. At the horizon for all these black holes, it is trivial to confirm that the conserved
charge is related to the Bekenstein-Hawking-Wald entropy as in Eq. (39). At the asymptotic
infinity, as shown in below, one can see that the conserved charge is proportional to the mass of
the black hole.
The BTZ black holes exist for any value of the parameter m2. The non-rotating BTZ black
holes correspond to the metric functions of the form eA = 1 and f(r) = r2 − a. One can check
that the conserved charge is related to the mass [44, 46] of the non-rotating BTZ black hole as
C = η
a
4G
[
1 +
1
2m2
]
= 2MADT . (47)
The new type black holes [44, 46, 47] have been known to exist when the parameter takes
the value m2 = 1/2. The non-rotating black holes are given by the metric functions of the form
eA = 1 and f(r) = r2+ br+ c. In these new type black holes, we again find the relation between
the conserved charge and the mass as
C =
η
8G
(b2 − 4c) = 2MADT . (48)
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At the point m2 = 1/2, the Lifshitz black holes are also found with the anisotropic scaling
z = 3 [20]. They are given by taking eA = rz−1 and f = r2 − a, in which one can see that
C = −ηa
2
G
= (1 + z)MADT . (49)
Now we turn to the examples of scalar hairy black holes. The scalar hairy AdS black holes
in Einstein gravity was found in [8] and the relevant asymptotic forms of the metric functions
and the scalar field are given by
eA = 1− 2B
r
+
6B2
r2
+ · · · ,
f = r2 + 4Br − 3(1 + ν)B2 + · · · , (50)
ϕ =
4
√
B
r1/2
− 8B
3/2
3r3/2
+ · · · .
The charge C is given by
C =
3
4G
B2(1 + ν) = 2MADT . (51)
For hairy Lifshitz black holes in NMG given in [22], one can take
eA = rz−1 , f = r2 − a
r
z−3
2
, ϕ =
√
(z − 3)(9z2 − 12z + 11)a
(z − 1)(z2 − 3z + 1)
1
r
z+1
4
. (52)
Therefore we find that
C = − η
8G
a2(1 + z)3(−5 + 3z)
16(−1 + z)(1 − 3z + z2) = (1 + z)MADT . (53)
In all these black holes, we confirm the Smarr relation through the conserved charge as
C = THSBHW = (1 + z)MADT . (54)
4 Lifshitz planar black hole solutions in higher dimensions
In this section, we consider the specific EMD gravity [48, 49] which admits Lifshitz planar black
hole solutions in higher dimensions. The model allows the asymptotically Lifshitz structure
with anisotropic scale invariance when the gauge and dilaton fields have nontrivial asymptotic
profiles. The action is given by
I[g, φ,A] = 1
16piG
∫
dDx
√−g
(
LEH + LφA
)
, LφA ≡ −1
2
(
∂φ
)2 − 1
4
eλφF2 , (55)
where, to support asymptotic Lifshitz geometry in D dimensions, the parameters are chosen as
λ = −
√
2
D − 2
z − 1 , Λ = −
(D + z − 2)(D + z − 3)
2
.
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The AdS background can be obtained by taking the formal limit z → 1 under which the gauge
field is decoupled. To obtain the asymptotic Lifshitz geometry given by Eqs. (1) and (2), the
asymptotic forms of the dilaton and the gauge fields should be taken as
eφ = µ r
√
2(D−2)(z−1)
[
1 +O
(1
r
)]
, (56)
A =
√
2(z − 1)
D + z − 2 µ
−λ
2 rD+z−2
[
1 +O
(1
r
)]
dt , F = dA . (57)
One may notice that we need to introduce the dimensionful parameter µ which plays the role to
support the asymptotic Lifshitz structure and has nothing to do with black hole geometry. In
order to engineer the scalar hair in Lifshitz black holes, we introduce an additional scalar field
with the action
Iϕ =
1
16piG
∫
dDx
√−g
[
−1
2
(
∂ϕ
)2 − V (ϕ)] . (58)
We consider the reduced action formalism in this model, which can cover static, Lifshitz
planar black holes with a scalar hair. We take the ansatz for the metric and the additional
scalar field ϕ as given in Eq. (1). We also take the ansatz for the dilaton and gauge fields as
φ(r) and A = a(r)dt, respectively. Then, the reduced action becomes
Ired[A, f, a, φ, ϕ] =
1
16piG
∫
dDx
(
LEH + LφA + Lϕ
)
, (59)
where the Lagrangian LEH , LφA and Lϕ are given, respectively, by
LEH = −eA
[(
(rD−2)′f
)′
+ 2rD−2Λ
]
−
[
rD−2eAf ′ + 2rD−2(eA)′f
]′
, (60)
LφA = −1
2
rD−2eAfφ′2 +
1
2
rD−2e−Aeλφa′2 , (61)
Lϕ = −1
2
rD−2eAfϕ′2 − rD−2eAV (ϕ) . (62)
From the variations with respect to the each field, f , eA , a , φ and ϕ in the reduced action, EOM
are given as follows:
0 =
(
eA(rD−2)′
)′
− 1
2
rD−2eA (φ′2 + ϕ′2) , (63)
0 = r2−D
(
(rD−2)′f
)′
+ 2Λ +
1
2
fϕ′2 + V +
1
2
fφ′2 +
1
2
e−2Aeλφa′2 , (64)
0 = (rD−2e−Aeλφa′)′ , (65)
0 = (rD−2eAfφ′)′ +
1
2
rD−2e−Aλeλφa′2 , (66)
0 = (rD−2eAfϕ′)′ − rD−2eA ∂ϕV . (67)
One may note that these EOM can also be derived from the original Lagrangian.
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The reduced action is invariant under the following infinitesimal field transformations:
δσf = σ(2f − r f ′) , δσeA = σ
( − (D − 1)− r A′)eA , (68)
δσϕ = −σr ϕ′ , δσφ = −σr φ′ , δσa = σ
(− (D − 2)a− r a′) . (69)
The Noether charge C for this scaling symmetry is given by the same expression as in Eq. (33).
The relevant total derivative term S and the total surface term Θ for this model are given by
S = −r(LEH + LφA + Lϕ) , (70)
Θ(δΨ) = −(rD−2)′eAδf + rD−2e−Aeλφa′ δa− rD−2eAfφ′δφ− rD−2eAfϕ′δϕ . (71)
Consequently, the Noether charge, which remains constant along r, is given by
8GC(r) = − rD−3eA
[
(D − 2)(D + 1)f + 1
2
re−2Aeλφ
(
ra′2 + 2(D − 2)a a′
)
+ 2r2Λ− 1
2
r2fφ′2 − 1
2
r2fϕ′2 + r2V (ϕ)
]
. (72)
One may note that we have two more integrals of motion. By integrating the gauge field EOM
given in Eq. (65), we obtain one integration constant q
rD−2e−Aeλφa′ = q , (73)
which corresponds to the dimensionful parameter µ. By plugging Eq. (73) to the dilaton field
EOM given in Eq. (66), we obtain another integration constant X
rD−2eAfφ′ +
1
2
λ q a = X . (74)
By using Eq. (64) and Eq. (73), one can rewrite the conserved charge C as
8GC =− rD−3eA
[
(D − 2)
(
2f − rf ′
)
− r2fφ′2 − r2fϕ′2
]
− (D − 2) q a . (75)
Now, we are in the position to compare this Noether charge with the physical quantity of the
black hole at the horizon, namely the Bekenstein-Hawking-Wald entropy. The entropy density
SBHW can be obtained by the similar procedure as in the section 3 and is given by
κ
2pi
SBHW ΣD−2 = 1
16piG
∫
H
dxµν2∇[µξν]T =
1
16piG
rD−2H e
A(rH )f ′(rH)ΣD−2 . (76)
The expression of the conserved charge at the horizon r = rH becomes
C =
D − 2
8G
[
rD−2H e
A(rH )f ′(rH)− qa(rH)
]
. (77)
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Henceforth, contrary to the NMG case in the previous section, the charge C at the horizon
r = rH is not directly related to THSBHW . Rather, one can check that
(D − 2)THSBHW = 1
2pi
(C − C0) , C0 ≡ −D − 2
8G
qa(rH) . (78)
Since the integration constant X given in Eq. (74) can be written in terms of the value at the
horizon as X = −
√
D−2
2(z−1) qa(rH), we can confirm that C0 is proportional to the integration
constant X.
Like in the previous section, we would like to compare the charge C at the asymptotic infinity
with the ADT mass expression. In this model, the ADT potentials for the timelike Killing vector
ξT are given by
2
√−g QrtADT (ξT ; δg) = −(D − 2)rD−3eAδf + rD−2e−Aeλφa a′δA , (79)
2
√−g QrtADT (ξT ; δA) = −rD−2e−Aeλφa δa′ , (80)
2
√−g QrtADT (ξT ; δφ) = −rD−2e−Aλeλφa a′δφ− rD−2eAfφ′ δφ , (81)
2
√−g QrtADT (ξT ; δϕ) = −rD−2eAfϕ′ δϕ . (82)
Using the integral of motion in Eq. (73), one can see that the on-shell variation should satisfy
− rD−2e−Aeλφa′δA+ rD−2e−Aeλφδa′ + rD−2e−Aλeλφa′δφ = δq , (83)
which leads to the infinitesimal mass formula in the quasi-local ADT formalism as
δMADT =
1
8piG
∫
r→∞
dxµν
√−g QµνADT (ξT ; δΨ)
=
1
16piG
[
− (D − 2)rD−3eAδf − a δq − rD−2eAf(φ′ δφ+ ϕ′ δϕ)
]
r→∞
. (84)
To obtain the mass expression of these Lifshitz planar black holes, we adopt a specific one-
parameter path in the solution space, which is induced by the ‘on-shell’ scaling transformation
as before. EOM remain the same under the following ‘on-shell’ scaling transformation with an
arbitrary γ,
δˆσf = σ(2f − r f ′) , δˆσeA = σ
(
γ − r A′)eA ,
δˆσϕ = −σr ϕ′ , δˆσφ = −σr φ′ , δˆσa = σ
(
(γ + 1)a− r a′) . (85)
This becomes the symmetry of the reduced action only when γ = −(D − 1), and preserves
the forms of the metric, gauge, dilaton and scalar fields with the appropriate rescaling of the
parameters when γ = z − 1.
However, one needs to be cautious in taking the one-parameter path when the background
dimensionful parameter µ as given in Eq. (56) exists, as it has nothing to do with the black hole
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geometry. Since the ‘on-shell’ scaling along the radial coordinate requires inevitably the change
of the background dimensionful parameter µ, which does not correspond to the parameter path
in the solution space for black holes, one needs to subtract this unwanted change from the quasi-
local ADT mass expression in Eq. (41). Explicitly, the one parameter path would be chosen
as δ = δˆσ + δˆµ + δDiff , where δˆµ denotes the compensating term caused by the background
parameter change as follows. By looking at the asymptotic forms of the dilaton and gauge
fields, one can see that the ‘on-shell’ scaling of µ parameter is given by
δˆσµ = −σ
√
2(D − 2)(z − 1)µ . (86)
This change should be subtracted, to form a one-parameter path in the solution space, from the
‘on-shell’ scaling transformation of the dilaton field and the integral constant q, as3
δφ = δˆσφ+ δˆµφ , δq = δˆσq + δˆµq , (87)
where
δˆµφ ≡ σ
√
2(D − 2)(z − 1) , δˆµq ≡ −σ(D − 2)q . (88)
After all these considerations, one can see that the infinitesimal form of the ADT mass expression
becomes
δMADT = δˆσMADT + δˆµMADT = σ(D + z − 2)MADT . (89)
By inserting Eq. (85) and δˆσq = σ(D − 2)q to Eq. (84), we compute to find
δˆσMADT =
σ
2pi
C . (90)
From Eqs. (84), (88) and the relation between X and C0, one can also find
δˆµMADT = − σ
16piG
√
2(D − 2)(z − 1)X = − σ
2pi
C0 . (91)
Finally, we obtain the generalized Smarr relation as4
1
2pi
(C − C0) = (D + z − 2)MADT = (D − 2)THSBHW . (92)
These results are completely consistent with those in [26, 53] when the scalar hair is turned off.
Note that the gauge field charge does not appear in the Smarr relation, nor in the first law of
black hole thermodynamics, since it play the role supporting the asymptotic Lifshitz structure.
On the contrary, the charges and potentials of usual gauge fields, which fall off asymptotically,
appear in the Smarr relation as well as in the first law.
3We have omitted the diffeomorphism transformation in the formulas since it does not contribute to the
covariant ADT expression.
4We have been informed [50, 51, 52] that the same relation was obtained, through a similar scaling symmetry
and the perturbative analysis, for the non-hairy Lifshitz planar black holes.
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Now, we check explicitly our results for the non-hairy black hole solutions given in [48, 49].
The metic functions in our ansatz are given by
eA(r) = rz−1 , f(r) = r2
(
1− m
rD+z−2
)
, (93)
while the dilaton and gauge fields are
eφ = µ r
√
2(D−2)(z−1) , A =
√
2(z − 1)
D + z − 2 µ
−λ
2 rD+z−2 dt . (94)
The ADT mass, entropy density and temperature of these black holes are given by
MADT =
(D − 2)m
16piG
, SBHW = 1
4G
m
D−2
D+z−2 , TH =
D + z − 2
4pi
m
z
D+z−2 .
Since the Noether charge C and the integration constant C0 can computed as
C = (D − 2)(D − z) m
8G
, C0 = −2(D − 2)(z − 1) m
8G
,
we confirm our results in this example.
5 Conclusion
The advent of the AdS/CFT correspondence and its cousins has led to much interest on black
holes with the non-flat asymptotic structure. Along this correspondence, various scalar hairy
black holes in the AdS space have been found in the analytic form, which may be contrasted
to the sacred folklore known as the no-hair theorem. Though the analytic solutions of scalar
hairy black holes have been found, their stability is not manifest and so no-hair theorem still
gives us some guidelines and plays some role in understanding black hole physics. Since the
understanding of the true nature of no-hair theorem or the hairy black hole with the non-flat
asymptotic geometry is incomplete, it would be better to have a model-independent results on
hairy black holes.
In this paper, we have explored the scaling symmetry of the reduced action for static planar
black holes and found that a generalized Smarr relation can be derived in a very general way.
Particularly, we have derived the Smarr relation for scalar hairy Lifshitz black holes, which cover
the AdS space as a special case. Though the scaling symmetry of the reduced action may not
correspond to the transformation corresponding to the on-shell path in the black hole parameter
space, we could manage to connect the conserved charge, C associated with the scaling symmetry
to the physical quantities, the mass and/or the entropy. This is achieved by computing the
physical quantities by choosing the ‘on-shell’ scaling transformation and comparing them with
the conserved charge C.
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In order to derive the Smarr relation, one needs to have the consistent description of the
mass of black holes. Though it has been known that boundary conditions of scalar fields may
lead to non-integrable form of the infinitesimal mass, we have avoided such complicated situ-
ations by restricting ourselves to hairy black holes with the definite on-shell scaling property.
This boundary condition is implicitly taken care of by choosing the definite ‘on-shell’ scaling
transformation.
Concretely, we have studied various hairy and non-hairy black holes in NMG and EMD
gravity, whose asymptotic geometry is the one of the AdS space or the Lifshitz space. We find
that the Smarr relation on scalar hairy planar black holes is, generically, given by
MADT =
D − 2
D + z − 2THSBHW ,
which is verified through various examples. This form of the Smarr relation corresponds to the
cases without the scalar chemical potential in the first law of black hole thermodynamics.
It would be very interesting to realize black holes with more general boundary conditions
of scalar fields and derive the Smarr relation in such cases. It would be also interesting to
understand how to incorporate in our formalism the cosmological constant as a thermodynamic
variable [54] in the Smarr relation. One of the remaining interesting questions is the holographic
interpretation of the scaling symmetry and its associated charge. In the view point of the
AdS/CFT correspondence, the radial invariant charge C means that the existence of RG flow
invariant quantity in the field theory dual to the hairy black holes.
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Appendix
A. Some useful formulae
In this appendix, we provide some detailed expressions of EOM and quasi-local ADT potentials,
relevant in Sec. 3. The scalar EOM for the given ansatz in NMG with the additional scalar field
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becomes
fϕ′′ +
(
A′f +
f
r
+ f ′
)
ϕ′ +
αϕ
r
e−A
(
2(eAf)′ + r
(
(eAf)′ + (eA)′f
)′)
− ∂V (ϕ)
∂ϕ
= 0 . (A.1)
Two independent metric EOM are
E tt − Err =− η
A′
r
+
ϕ′2
2
+ α
(A′ϕ2
2r
− eA(e−Aϕϕ′)′
)
+
η
4rm2
[
2f
(
A′3 − 2A′2
(1
r
− rA′′
)
−A′(8A′′ + rA′′′)− (2rA′′2 + 3A′′′ + rA′′′′)
)
+ f ′
(
2rA′3 − 16A′′ − 7rA′′′ − 7A′2 − 3rA′A′′
)
− f ′′
(
11A′ + 8rA′′ − rA′2
)
− 2f ′′′
(
1 + rA′
)
− rf ′′′′
]
, (A.2)
Eθθ = 2ηΛ +
1
2
fϕ′2 + V (ϕ) + (η − 1
2
αϕ2)e−A
(
(eAf)′ + (eA)′f
)′
− 2αe−A
(
eAfϕϕ′
)′
+
η
8r3m2
[
r2
(
rA′2f ′2 − 2A′f ′(8f ′ + 3rf ′′) + r(−20f ′2A′′ + f ′′2 − 4f ′f ′′′)
)
+ 4f2
(
− 4r2A′3 + r3A′4 +A′2(5r − 2r3A′′)− 2A′(2 + 5r2A′′ + 3r3A′′′)
− r(−4A′′ + 3r2A′′2 + 2rA′′′ + 2r2A′′′′)
)
+ 4rf
(
r2A′3f ′ − 4rA′2(3f ′ + rf ′′)− 2A′(−4f ′ + 7r2A′′f ′ + 2rf ′′ + 2r2f ′′′)
− rf ′(8A′′ + 9rA′′′) + r2(7A′′f ′′ + f ′′′′)
)]
. (A.3)
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By applying the quasi-local ADT formalism, one can obtain quasi-local ADT potentials as
√−gQrtADT (ξT ; δg)|r→∞
=
eA
2
[
− ηδf + α(rϕ2)′δf
+
η
4m2
(
− 8A
′f
r
+ 14A′2f − 4rA′3f + 3A′f ′ + 4A′′f + 8rA′A′′f + 3rA′′f ′ − f ′′
+ 3rA′f ′′ + 6rfA
′′′
+ rf
′′′
)
δf
+
η
m2
(
3A′f − 1
2
rA′2f +
f ′
2
− 3
4
rA′f ′ +
5
2
rA′′f
)
δf ′
+
η
m2
(
rA′f − 1
4
rf ′
)
δf ′′ +
η
2m2
rfδf
′′′
+
η
m2
(
− f
2
r
+ 5f2A′ − 2rA′2f2 + 5
2
ff ′ − 1
2
rA′ff ′ − 3
4
rf ′2 + 2rA′′f2 +
3
2
rff ′′
)
δA′
+
η
m2
(
f2 + rA′f2 + 2rff ′
)
δA′′ +
η
m2
rf2δA
′′′
− 2αr(f ′ϕ− 2fϕ′ + 2fϕA′)δϕ + 4αrfϕδϕ′
]
r→∞
, (A.4)
√−gQrtADT (ξT ; δϕ)|r→∞ = −
1
2
reAf ϕ′ δϕ|r→∞ . (A.5)
19
References
[1] W. Israel, “Event horizons in static vacuum space-times,” Phys. Rev. 164, 1776 (1967).
[2] B. Carter, “Axisymmetric Black Hole Has Only Two Degrees of Freedom,” Phys. Rev. Lett.
26, 331 (1971).
[3] J. D. Bekenstein, “Nonexistence of baryon number for static black holes,” Phys. Rev. D 5,
1239 (1972).
[4] D. C. Robinson, “Uniqueness of the Kerr black hole,” Phys. Rev. Lett. 34, 905 (1975).
[5] C. A. R. Herdeiro and E. Radu, “Kerr black holes with scalar hair,” Phys. Rev. Lett. 112,
221101 (2014) [arXiv:1403.2757 [gr-qc]].
[6] C. Herdeiro and E. Radu, “Construction and physical properties of Kerr black holes with
scalar hair,” Class. Quant. Grav. 32, no. 14, 144001 (2015) [arXiv:1501.04319 [gr-qc]].
[7] C. A. R. Herdeiro and E. Radu, “Asymptotically flat black holes with scalar hair: a review,”
Int. J. Mod. Phys. D 24, 1542014 (2015) [arXiv:1504.08209 [gr-qc]].
[8] M. Henneaux, C. Martinez, R. Troncoso and J. Zanelli, “Black holes and asymptotics of
2+1 gravity coupled to a scalar field,” Phys. Rev. D 65, 104007 (2002) [hep-th/0201170].
[9] M. Henneaux, C. Martinez, R. Troncoso and J. Zanelli, “Asymptotically anti-de Sitter
spacetimes and scalar fields with a logarithmic branch,” Phys. Rev. D 70, 044034 (2004)
[hep-th/0404236].
[10] M. Henneaux, C. Martinez, R. Troncoso and J. Zanelli, “Asymptotic behavior and Hamil-
tonian analysis of anti-de Sitter gravity coupled to scalar fields,” Annals Phys. 322, 824
(2007) [hep-th/0603185].
[11] T. Hertog and K. Maeda, “Black holes with scalar hair and asymptotics in N = 8 super-
gravity,” JHEP 0407, 051 (2004) [hep-th/0404261].
[12] A. Anabalon, D. Astefanesei and R. Mann, “Exact asymptotically flat charged hairy black
holes with a dilaton potential,” JHEP 1310, 184 (2013) [arXiv:1308.1693 [hep-th]].
[13] F. Faedo, D. Klemm and M. Nozawa, “Hairy black holes in N=2 gauged supergravity,”
arXiv:1505.02986 [hep-th].
[14] S. A. Hartnoll, C. P. Herzog and G. T. Horowitz, “Holographic Superconductors,” JHEP
0812, 015 (2008) [arXiv:0810.1563 [hep-th]].
20
[15] S. A. Hartnoll, C. P. Herzog and G. T. Horowitz, “Building a Holographic Superconductor,”
Phys. Rev. Lett. 101, 031601 (2008) [arXiv:0803.3295 [hep-th]].
[16] T. Hertog, “Towards a Novel no-hair Theorem for Black Holes,” Phys. Rev. D 74, 084008
(2006) [gr-qc/0608075].
[17] M. Banados and S. Theisen, “Scale invariant hairy black holes,” Phys. Rev. D 72, 064019
(2005) [hep-th/0506025].
[18] S. Kachru, X. Liu and M. Mulligan, “Gravity duals of Lifshitz-like fixed points,” Phys. Rev.
D 78, 106005 (2008) [arXiv:0808.1725 [hep-th]].
[19] D. T. Son, “Toward an AdS/cold atoms correspondence: A Geometric realization of the
Schrodinger symmetry,” Phys. Rev. D 78, 046003 (2008) [arXiv:0804.3972 [hep-th]].
[20] E. Ayon-Beato, A. Garbarz, G. Giribet and M. Hassaine, “Lifshitz Black Hole in Three
Dimensions,” Phys. Rev. D 80, 104029 (2009) [arXiv:0909.1347 [hep-th]].
[21] H. A. Gonzalez, D. Tempo and R. Troncoso, “Field theories with anisotropic scaling in 2D,
solitons and the microscopic entropy of asymptotically Lifshitz black holes,” JHEP 1111,
066 (2011) [arXiv:1107.3647 [hep-th]].
[22] E. Ayn-Beato, M. Bravo-Gaete, F. Correa, M. Hassane, M. M. Jurez-Aubry and J. Oliva,
“First law and anisotropic Cardy formula for three-dimensional Lifshitz black holes,” Phys.
Rev. D 91, no. 6, 064006 (2015) [arXiv:1501.01244 [gr-qc]].
[23] F. Correa, C. Martinez and R. Troncoso, “Scalar solitons and the microscopic entropy of
hairy black holes in three dimensions,” JHEP 1101, 034 (2011) [arXiv:1010.1259 [hep-th]].
[24] E. A. Bergshoeff, O. Hohm and P. K. Townsend, “Massive Gravity in Three Dimensions,”
Phys. Rev. Lett. 102, 201301 (2009) [arXiv:0901.1766 [hep-th]].
[25] Y. Gim, W. Kim and S. H. Yi, “The first law of thermodynamics in Lifshitz black holes
revisited,” JHEP 1407, 002 (2014) [arXiv:1403.4704 [hep-th]].
[26] H. S. Liu and H. L, “Thermodynamics of Lifshitz Black Holes,” JHEP 1412, 071 (2014)
[arXiv:1410.6181 [hep-th]].
[27] H. S. Liu, H. Lu and C. N. Pope, “Generalised Smarr Formula and the Viscosity Bound for
Einstein-Maxwell-Dilaton Black Holes,” arXiv:1507.02294 [hep-th].
[28] T. Hertog and G. T. Horowitz, “Designer gravity and field theory effective potentials,”
Phys. Rev. Lett. 94, 221301 (2005) [hep-th/0412169].
21
[29] R. M. Wald, “Black hole entropy is the Noether charge,” Phys. Rev. D 48, 3427 (1993)
[gr-qc/9307038].
[30] V. Iyer and R. M. Wald, “Some properties of Noether charge and a proposal for dynamical
black hole entropy,” Phys. Rev. D 50, 846 (1994) [gr-qc/9403028].
[31] T. Hertog and K. Maeda, “Stability and thermodynamics of AdS black holes with scalar
hair,” Phys. Rev. D 71, 024001 (2005) [hep-th/0409314].
[32] H. L, Y. Pang and C. N. Pope, “AdS Dyonic Black Hole and its Thermodynamics,” JHEP
1311, 033 (2013) [arXiv:1307.6243 [hep-th]].
[33] W. Kim, S. Kulkarni and S. H. Yi, “Quasilocal Conserved Charges in a Covariant Theory
of Gravity,” Phys. Rev. Lett. 111, no. 8, 081101 (2013) [Phys. Rev. Lett. 112, no. 7, 079902
(2014)] [arXiv:1306.2138 [hep-th]].
[34] W. Kim, S. Kulkarni and S. H. Yi, “Quasilocal conserved charges in the presence of a
gravitational Chern-Simons term,” Phys. Rev. D 88, no. 12, 124004 (2013) [arXiv:1310.1739
[hep-th]].
[35] S. Hyun, S. A. Park and S. H. Yi, “Quasi-local charges and asymptotic symmetry genera-
tors,” JHEP 1406, 151 (2014) [arXiv:1403.2196 [hep-th]].
[36] S. Hyun, J. Jeong, S. A. Park and S. H. Yi, “Quasilocal conserved charges and holography,”
Phys. Rev. D 90, no. 10, 104016 (2014) [arXiv:1406.7101 [hep-th]].
[37] S. Hyun, J. Jeong, S. A. Park and S. H. Yi, “Frame-independent holographic conserved
charges,” Phys. Rev. D 91, 064052 (2015) [arXiv:1410.1312 [hep-th]].
[38] L. F. Abbott and S. Deser, “Stability of Gravity with a Cosmological Constant,” Nucl.
Phys. B 195, 76 (1982).
[39] L. F. Abbott and S. Deser, “Charge Definition in Nonabelian Gauge Theories,” Phys. Lett.
B 116, 259 (1982).
[40] S. Deser and B. Tekin, “Gravitational energy in quadratic curvature gravities,” Phys. Rev.
Lett. 89, 101101 (2002) [hep-th/0205318].
[41] A. Sinha, “On the new massive gravity and AdS/CFT,” JHEP 1006, 061 (2010)
[arXiv:1003.0683 [hep-th]].
[42] M. Banados, C. Teitelboim and J. Zanelli, “The Black hole in three-dimensional space-
time,” Phys. Rev. Lett. 69, 1849 (1992) [hep-th/9204099].
22
[43] G. Clement, “Warped AdS(3) black holes in new massive gravity,” Class. Quant. Grav. 26,
105015 (2009) [arXiv:0902.4634 [hep-th]].
[44] E. A. Bergshoeff, O. Hohm and P. K. Townsend, “More on Massive 3D Gravity,” Phys.
Rev. D 79, 124042 (2009) [arXiv:0905.1259 [hep-th]].
[45] G. T. Horowitz and V. E. Hubeny, “Quasinormal modes of AdS black holes and the approach
to thermal equilibrium,” Phys. Rev. D 62, 024027 (2000) [hep-th/9909056].
[46] J. Oliva, D. Tempo and R. Troncoso, “Three-dimensional black holes, gravitational solitons,
kinks and wormholes for BHT massive gravity,” JHEP 0907, 011 (2009) [arXiv:0905.1545
[hep-th]].
[47] S. Nam, J. D. Park and S. H. Yi, “Mass and Angular momentum of Black Holes in New
Massive Gravity,” Phys. Rev. D 82, 124049 (2010) [arXiv:1009.1962 [hep-th]].
[48] M. Taylor, “Non-relativistic holography,” arXiv:0812.0530 [hep-th].
[49] J. Tarrio and S. Vandoren, “Black holes and black branes in Lifshitz spacetimes,” JHEP
1109, 017 (2011) [arXiv:1105.6335 [hep-th]].
[50] G. Bertoldi, B. A. Burrington and A. W. Peet, “Thermodynamics of black branes in asymp-
totically Lifshitz spacetimes,” Phys. Rev. D 80, 126004 (2009) [arXiv:0907.4755 [hep-th]].
[51] G. Bertoldi, B. A. Burrington and A. W. Peet, “Thermal behavior of charged dilatonic
black branes in AdS and UV completions of Lifshitz-like geometries,” Phys. Rev. D 82
(2010) 106013 [arXiv:1007.1464 [hep-th]].
[52] G. Bertoldi, B. A. Burrington, A. W. Peet and I. G. Zadeh, “Lifshitz-like black brane
thermodynamics in higher dimensions,” Phys. Rev. D 83 (2011) 126006 [arXiv:1101.1980
[hep-th]].
[53] W. G. Brenna, R. B. Mann and M. Park, “Mass and Thermodynamic Volume in Lifshitz
Spacetimes,” Phys. Rev. D 92, no. 4, 044015 (2015) [arXiv:1505.06331 [hep-th]].
[54] D. Kastor, S. Ray and J. Traschen, “Enthalpy and the Mechanics of AdS Black Holes,”
Class. Quant. Grav. 26, 195011 (2009) [arXiv:0904.2765 [hep-th]].
23
